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This paper presents a general formulation which addresses the issue of wave propagation in guided elastodynamic struc-
tures ﬁlled with acoustic ﬂuid. The formulation is based on a ﬁnite element description of periodic systems. It leads to a
general spectral problem, whose eigenvalues and eigenvectors are related to the free propagating wave properties. The for-
mulation incorporates many simpliﬁed elastodynamic models of an analytical nature. Here, the formulation is stated for a
ﬂuid–structure guided medium. The free and forced frequency response of such elasto-acoustic system is fully formulated
in the wave space. Reduction of the wave basis is discussed. Numerical simulations and comparisons with classic simpliﬁed
theories clearly shows the pertinence of the proposed formulation. Moreover, it is clearly shown that, unlike most of the
existing theories, the proposed formulation is not low frequency limited.
 2006 Elsevier Ltd. All rights reserved.
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Guided waves applications appear in many engineering areas (structural acoustics, seismic problems, non
destructive testing, optical ﬁbers. . .). The dispersion curve and the mode shapes of waves are the primary prop-
erties of guided wave to be given. Dispersion curves give the velocity–frequency relationship for all the modes
which may propagate in the studied structure. The guided wave mode shape gives for instance the distribution
of the displacement ﬁeld in a normal section to the propagation axis. The deﬁnition of these primary proper-
ties is one of the major questions dealt within the literature on guided waves.
Pipes conveying ﬂuids are a good example of systems carrying guided waves. Guided waves in such elasto-
acoustic systems have relevance to several topics. Indeed, such waveguides are a prime vibration and noise
transmission path whose magnitude may be quantiﬁed by predicting the vibrational energy over a wide fre-
quency range. Moreover, their properties are extensively exploited in non destructive testing, in view of detect-
ing cracks and inspecting leakages and damages.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.06.048
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them are rather physical and analytical and so are restricted to very simple geometries and to very classic
waves. For instance, a complete theoretical analysis of dispersion curves for structural shells coupled with
internal ﬂuid was given by Kumar (1972) and Kumar and Stephens (1972). In another work, Sinha et al.
(1992) limited the analysis to real wavenumbers and added the external radiating behavior. Analytical com-
putations of guided wave properties in ﬂuid-ﬁlled pipes were also performed by Fuller and Fahy (1982).
The clumsiness of analytical developments motivates a full numerical approach to propagation in complex
waveguides. That is the main context covered in this paper, with an emphasis on guided elasto-acoustic sys-
tems with an internal ﬂuid. Speciﬁcally, the main matter of discussion of the present paper is the analysis of
guided wave propagation and forced response through reduced wave ﬁnite element models, in complex elasto-
acoustic systems.
It should be noted that the question of dispersion curve computation using ﬁnite elements has raised some
interest in the literature. Indeed some authors have been interested in a numerical determination of dispersion
curves for particular guided structures. Most notable is the work of Gavric (1994, 1995) and the contribution
of Knothe et al. (1994). Gavric and Knothe et al. applied this extraction technique for rail structures. In
Gavric (1994, 1995), Gavric proposed a particular ﬁnite element scheme allowing the extraction of wavenum-
bers from the resolution of a fourth order matrix equation. In Knothe et al. (1994), Knothe et al. introduced a
numerical scheme well suited to inﬁnite rail structures. The use of this scheme allows dispersion curve extrac-
tion from a well-posed eigenproblem. However, both Gavric and Knothe et al. run into some numerical dif-
ﬁculties. Indeed, the ﬁrst technique requires the development of a relatively new ﬁnite element code with
speciﬁc elements, interpolation forms and an adapted eigenvalue extraction method. As for the second
method, the structures are designated by an inﬁnite succession of identical hyperelements, so that the cross-
sections of each side are the same and the resulting mesh has internal nodes. This leads to a complex compu-
tational problem. More recently, Finnveden proposed the so-called Spectral Finite Element Method, which
extends Gavric’s formulation. Finnveden presented some applications of this approach for extended stiﬀened
plates (Orenius and Finnveden, 1996) and for pipework (Finnveden, 1997b). Those attempt, however, require
a derivation of new elements and matrices which restrict its use due the substantial eﬀort needed.
Some interesting work on the problem can be found in the literature on periodic structures. Among them is
Lin and Donaldson’s work (1969). Lin and Donaldson proposed in Lin and Donaldson (1969) a procedure,
using a transfer matrix concept, in which beam-like structures and curved panels were examined. This method
runs into diﬃculties due to the inversion of ill-conditioned matrices and the cumulative errors due to the trans-
fer matrix assembly. Mead (1973, 1975) introduced fundamental and central ideas in the area of periodic struc-
ture characterization. In this context, Mead proposed in Mead (1973) a quadratic and well-posed spectral
problem in order to determine wave propagation constants of a periodic structure. This work was extended
by Denke et al. (1974) and Mead (1975). In these works, Denke et al. and Mead proposed a second order
matrix equation leading to the propagation properties of a periodic structure. Thompson (1993) used the same
technique after adding a damping contribution. Finally, the interesting work by Zhong and Williams (1995)
should be mentioned. In this work, Zhong and Williams oﬀered a new eigenvalue problem, which is a kind of
state space eigenproblem, wherein the main parameters are the displacement at both sections of the considered
structure.
In this contribution a closed formulation using ﬁnite element modeling is oﬀered for the numerical compu-
tation of both dispersion curves and forced response in the general ﬂuid–structure context. The formulation is
general and can be applied to any kind of structural acoustic guided waves of a homogeneous or periodic sys-
tem. The statement of the elasto-acoustic problem is given in Section 2. A symmetric formulation is chosen in
view of wave ﬁnite elements extraction. In Section 3, an eigenvalue problem is stated to numerically deﬁne the
dispersion curves in the wavenumbers/frequencies domain. The symmetry of the ﬂuid–structure stated formu-
lation ensures many interesting properties of the eigenvalue outputs, brieﬂy discussed in Section 3. The fre-
quency forced response of an elasto-acoustic guided structure is then explained in Section 4. The forced
response uses the previously extracted wave modes as a projection basis. This leads to an elegant and math-
ematically eﬃcient procedure which generalizes many simpliﬁed formulations such as the Direct Stiﬀness
Method (DSM) (exposed in many references, among them Langley, 1993; Mahapatra and Gopalakrishnan,
2003), the Spectral Finite Element Method SFEM (Finnveden, 1997a,b; Orenius and Finnveden, 1996) or
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reduction is then stated. Some numerical experiments are presented in Section 5. A simple academic structure
is chosen in view of validating the general formulation oﬀered here. The guide chosen is a canonical axisym-
metric ﬂuid–structure problem which oﬀers the possibility of some analytical developments and comparisons.
The dispersion curve of this problem is ﬁrst extracted and commented. Comparisons with analytical compu-
tations, mainly done by Fuller and Fahy (1982), are proposed and a good degree of agreement is noted. Com-
parative results are given in order to show the accuracy of the proposed methodology.
2. Statement of the elasto-acoustic problem
A description of the vibroacoustic behavior of a slender structure containing a ﬂuid is proposed. The struc-
ture is assumed to be elastic and dissipative; the ﬂuid is assumed to be homogeneous, barotropic, compressible
and inviscid. The elasto-acoustic system is assumed to vibrate linearly around a static equilibrium taken as the
reference conﬁguration. In the reference conﬁguration, the ﬂuid is at rest. It is assumed that the structure has
constant arbitrary cross-section or, more generally, it is assumed that the structure is periodic: in this sense, it
is assumed that the structure is composed along a speciﬁc direction (say axis x) of identical substructures. Each
substructure is supposed to have arbitrary (eventually complex) and not necessarily constant cross-section.
This leads to a decomposition of the elasto-acoustic system into a set of identical elasto-acoustic subsystems
(cf. Fig. 1), each subsystem being composed of a solid part (substructure) and a ﬂuid part (interior ﬂuid).
A given elasto-acoustic subsystem, say subsystem k (k = 1, . . . ,N), is described in Fig. 1. Here, N stands for
the number of subsystems belonging to the global system; d stands for the length of subsystem k. The solid
part and the ﬂuid part of subsystem k occupy open bounded domain X and simply connected open bounded
domain XF, respectively. The boundaries of these domains are denoted by oXS and oXF, respectively. The cou-
pling surface between the solid and ﬂuid parts is denoted by C. The left and right boundaries of the solid part
of subsystem k, say SS1 and S
S
2, respectively (see Fig. 1), have the same area, jSS1 j ¼ jSS2 j ¼ jSSj. The left and right
boundaries of the ﬂuid part of subsystem k, say SF1 and S
F
2 , respectively (see Fig. 1), have the same area,
jSF1 j ¼ jSF2 j ¼ jSFj, and are such that SF1 [ SF2 ¼ oXF n C. Subsystem k is coupled with subsystem k  1 (case
where k5 1) and subsystem k + 1 (case where k5 N) on surfaces SS1 [ SF1 and SS2 [ SF2 , respectively.Fig. 1. Elasto-acoustic waveguide with constant cross-section.
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wF, respectively; p stands for the acoustic pressure of the ﬂuid. The steady state conditions under harmonic
excitation of frequency x/2p are assumed. In Lagrangian description, the time derivatives of the elastic and
acoustic variables are written1 It id
dt
¼ o
ot
¼ ix: ð1ÞThe variational formulations for the solid and ﬂuid parts of subsystem k are established in Morand and
Ohayon (1992) and Ohayon and Soize (1998) at frequency x/2p5 0. Let us denote as CwS and Cp the space
of regular functions wS deﬁned on XS and the space of regular functions p deﬁned on XF, respectively. The
dynamic equilibrium of the solid part is written 8dwS 2 CwSx2
Z
XS
qSðdwSÞTwS dxþ
Z
XS
ððdwSÞÞTrðwSÞdx ¼
Z
C
ðdwSÞTpndsþ
Z
SS
1
[SS
2
ðdwSÞTf ds; ð2Þwhere  and r stand for the (6 · 1) elastic strain and stress tensors, respectively; f represents the surface force
ﬁeld applied on oXSnC;1 pn represents the surface force applied to the solid part on C (coupling action); n
stands for the external unit normal to oXF (cf. Fig. 1). Concerning the ﬂuid part, expressing the Green theorem
from the Helmholtz and Euler equations allows us to write 8dp 2 Cp (Morand and Ohayon, 1992)x
2
c20
Z
XF
dppdxþ
Z
XF
ð$dpÞT$pdx ¼ x2q0
Z
oXF
dpðwAÞTnds: ð3ÞConsidering the wall boundary condition, (wA)Tn = (wS)Tn on C (Ohayon and Soize, 1998) and considering
that SF1 [ SF2 ¼ oXF n C, variational formulation (3) becomes 8dp 2 Cp:x
2
c20
Z
XF
dppdxþ
Z
XF
ð$dpÞT$pdx ¼ x2q0
Z
C
dpðwSÞTndsþ x2q0
Z
SF
1
[SF
2
dpðwAÞTnds: ð4ÞLet us introduce acoustic velocity potential w, deﬁned by ixwA = $w and let us denote as Cw the space of reg-
ular functions w deﬁned on XF. Because domain XF is simply connected, velocity potential w can be deﬁned by
p =  ixq0w (Morand and Ohayon, 1992; Ohayon and Soize, 1998). Variational formulation (2) then writes
8dwS 2 CwSx2
Z
XS
qSðdwSÞTwS dxþ
Z
XS
ððdwSÞÞTrðwSÞdx ¼ ixq0
Z
C
ðdwSÞTwndsþ
Z
SS
1
[SS
2
ðdwSÞTf ds; ð5Þand variational formulation (4) writes 8dw 2 Cwx
2
c20
Z
XF
dwwdxþ
Z
XF
ð$dwÞT$wdx ¼ ix
Z
C
dwðwSÞTndsþ ix
Z
SF
1
[SF
2
dwðwAÞTnds: ð6ÞIn the context of the Finite Element Method, the discretization of variational formulations (2) and (4) allows
us to establish the (U,p) formulation for the elasto-acoustic problem (Morand and Ohayon, 1992)x2 M
S 0
q0C
T MA
" #
U
p
 
þ K
S C
0 KA
" #
U
p
 
¼ F
S
FA
 !
; ð7Þwhere
(1) dUTMSU discretizes
R
XS q
SðdwSÞTwdx;
(2) dUTKSU discretizes
R
XS ððdwSÞÞTrðwSÞdx;
(3) dUTFS discretizes
R
SS
1
[SS
2
ðdwSÞTf ds;
(4) dpTMAp discretizes 1
c2
0
R
XF dppdx;s assumed that f = 0 on ðoXS n CÞ n ðSS1 [ SS2Þ, meaning that the action of the exterior ﬂuid on the solid part is neglected.
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R
XF ð$dpÞT$pdx;
(6) dpTFA discretizes x2q0
R
SF
1
[SF
2
dpðwAÞTnds;
(7) dUTCp discretizes
R
C ðdwSÞTpnds.
Here, MS and MA stand for the structural and acoustic mass matrices, respectively; KS and KA stand for the
structural and acoustic stiﬀness matrices, respectively; C stands for the ﬂuid–structure coupling matrix; FS and
FA stand for the structural and acoustic forces vectors, applied on surfaces SS1 [ SS2 and SF1 [ SF2 , respectively.
Dissipation phenomena within the solid part are taken into account assuming that structural stiﬀness matrix
KS is complex and expressed by KS ¼ RefKSgð1þ igSÞ where gS stands for the loss factor of the structure.
The (U,p) formulation, as established by Eq. (7), is not symmetric. Symmetric formulation for the elasto-
acoustic problem can be obtained introducing the acoustic velocity potential. Discretizing variational formu-
lations (5) and (6) results in the (U,W) formulation for the elasto-acoustic problem,x2 M
S 0
0 MA
 
þ ix 0 q0CCT 0
 
þ K
S 0
0 KA
  
U
W
 
¼ F
S
 1
ixq0
FA
 !
: ð8ÞFinally, multiplying the second equation of system (8) by q0 results in the following symmetric system:
Kq ¼ F; ð9Þwhere q and F stand for the kinematic variables of the systemq ¼ U
W
 
; F ¼ F
S
1
ixF
A
 !
; ð10Þand symmetric matrix K stands for the dynamic stiﬀness operator (Morand and Ohayon, 1992)K ¼ x2 M
S 0
0 q0MA
 
þ ix 0 q0C
q0C
T 0
 
þ K
S 0
0 q0KA
 
: ð11Þ3. Formulation of the wave modes
The kinematic variables, deﬁned by Eq. (10), are described on the left and right boundaries of any given
elasto-acoustic subsystem k (k = 1, . . . ,N). The number of degrees of freedom (dof’s), say n, on the left bound-
ary of the subsystem is assumed to be equal to the number of dof’s on the right boundary: in this way, the
mesh compatibility at the interface between two consecutive subsystems is ensured. In the Appendix, it is
shown that the dynamics of subsystem k can be expressed in this way,K
q
ðkÞ
L
q
ðkÞ
R
 !
¼ F
ðkÞ
L
F
ðkÞ
R
 !
8k 2 f1; . . . ;Ng; ð12Þwhere qðkÞL and F
ðkÞ
L are (n · 1) vectors representing the kinematic variables evaluated on the left boundary of
subsystem k; q
ðkÞ
R and F
ðkÞ
R are (n · 1) vectors representing the kinematic variables evaluated on the right bound-
ary of subsystem k; K stands for the dynamic stiﬀness operator (11) condensed on the left and right bound-
aries (see Appendix), which is symmetric.
Referring to the analysis of elastic periodic solid systems (Zhong and Williams, 1995; Mencik and Ichchou,
2005), the kinematic variables of elasto-acoustic subsystem k are described by state vectors uðkÞL and u
ðkÞ
Ru
ðkÞ
L ¼
q
ðkÞ
L
FðkÞL
 !
; u
ðkÞ
R ¼
q
ðkÞ
R
F
ðkÞ
R
 !
8k 2 f1; . . . ;Ng: ð13ÞIt has been shown in Zhong and Williams (1995) and Mencik and Ichchou (2005) that state vector uðkÞR is
related to state vector uðkÞL in this wayu
ðkÞ
R ¼ SuðkÞL 8k 2 f1; . . . ;Ng: ð14Þ
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0 In
In 0
 
: ð16ÞExpressing coupling relations between two consecutive subsystems k and k  1 (k 2 {2, . . . ,N}), qðkÞL ¼ qðk1ÞR
and FðkÞL ¼ Fðk1ÞR , results inu
ðkÞ
L ¼ uðk1ÞR 8k 2 f2; . . . ;Ng; ð17Þwhich leads tou
ðkÞ
L ¼ Suðk1ÞL 8k 2 f2; . . . ;Ng: ð18ÞAccording to Bloch’s theorem (Brillouin, 1946), solutions uL of problem (18) represent waves propagating
along the direction of periodicity of the elasto-acoustic system (axis x), that isu
ðkÞ
L ¼ luðk1ÞL 8k 2 f2; . . . ;Ng: ð19ÞFrom Eq. (18), the following eigenvalue problem can then be established:SUi ¼ liUi; jS liI2nj ¼ 0: ð20Þ
Solutions {(li,Ui)}i=1,. . .,2n stand for the wave modes of the elasto-acoustic system (waveguide). Matrix U of
the eigenvectors of matrix S is deﬁned as follows:U ¼ Uq
UF
 
; ð21Þwhere Uq and UF are (n · 2n) matrices, expressed byUq ¼
USq
UAq
" #
; UF ¼ U
S
F
UAF
" #
: ð22ÞHere, matrices USq and U
S
F are associated with the displacement and with the structural force evaluated for the
solid part of any given elasto-acoustic subsystem k belonging to the global system. Matrices UAq and U
A
F are
associated with the acoustic velocity potential (that is, the acoustic pressure) and with the acoustic force eval-
uated for the ﬂuid part of subsystem k.
It has been established in Mencik and Ichchou (2005) that the properties of eigenvalues {lj}j allow a clas-
siﬁcation of the matrix of eigenvectors, namely U, at speciﬁc frequency x. Thus,U ¼ Uinc Uref
 	
; ð23Þ
where matrix Uinc ¼ ððUincq ÞTðUincF ÞTÞT is associated with eigenvalues {li}i=1, . . . , n and stands for the modes
which are incident to a speciﬁc boundary of the waveguide; matrix Uref ¼ ððUrefq ÞTðUrefF ÞTÞT is associated with
eigenvalues {li}i=n+1, . . . ,2n and stands for the modes which are reﬂected by this boundary. As mentioned in
Mencik and Ichchou (2005), the state vector representation is well suited to capture the frequency evolution
of the wave mode parameters (among others, the dispersion curves) considering the following criterion which
is based on the symplectic orthogonality property of operator S:
For wave modes j and m deﬁned at frequency x, such that lm(x) = 1/lj(x), and for Dx small enough, ﬁnd
wave mode j at frequency x + Dx such thatAjðxÞ ¼ ðUmðxÞÞTJnUjðxþ DxÞ ð24Þ
is maximized.
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x and x + Dx. In practice, the criterion is veriﬁed when eigenvectors {Uj}j are of the same order, which means
that they must be normalized in a same way.
4. Forced response of the elasto-acoustic waveguide
4.1. General concepts
Assuming that eigenvectors {Ui}i=1,. . .,2n form a complete basis (the completeness of the basis is veriﬁed if
eigenvalues {li}i=1, . . . ,2n are distinct), the kinematic variables of subsystem k can be expanded asu
ðkÞ
L ¼ UQðkÞ ; uðkÞR ¼ UQðkþ1Þ 8k 2 f1; . . . ;Ng; ð25Þwhere vector Q stands for the amplitudes of the wave modes, which can be expressed (Yong and Lin, 1989;
Mencik and Ichchou, 2005)Q ¼ Q
inc
Qref
 !
: ð26ÞHere, (n · 1) vector Qinc is associated with the modes which are incident to a speciﬁc boundary of the wave-
guide; (n · 1) vector Qref is associated with the modes which are reﬂected by this boundary.
In the following, amplitudes Q(k), reﬂecting for instance kinematic variable uðkÞL for subsystem k, are
described from amplitudesQ(1) and Q(N+1) reﬂecting kinematic variables uð1ÞL and u
ðNÞ
R at the waveguide bound-
aries: indeed, Eq. (18) allows us to writeu
ðkÞ
L ¼ Sk1uð1ÞL 8k 2 f1; . . . ;Ng ð27Þwith S0 = I2n. While, Eqs. (17) and (18) allow us to writeu
ðNÞ
R ¼ SNuð1ÞL : ð28ÞEqs. (27) and (28) are projected on the basis {Ui}i, considering Eq. (25). Since matrix U is invertible (it has
been assumed that det[U]5 0), one obtains (Yong and Lin, 1989)QðkÞ ¼ U1Sk1UQð1Þ 8k 2 f1; . . . ;N þ 1g; ð29Þ
that is (cf. eigenvalue problem (20))QðkÞ ¼ l 0
0 l1
 k1
Qð1Þ 8k 2 f1; . . . ;N þ 1g; ð30Þwhere l stands for the (n · n) diagonal eigenvalue matrix, expressed by Yong and Lin (1989)l ¼
l1 0    0
0 l2    0
..
. ..
. . .
. ..
.
0 0    ln
266664
377775: ð31ÞExpressing the boundary conditions of the elasto-acoustic waveguides in terms of amplitudesQ(1) andQ(N+1)
allows us to express, fromEq. (30), the dynamics of a given elasto-acoustic subsystem k. In a general manner, the
boundary conditions at a speciﬁc boundary of the waveguide can be formulated in this way (Mencik et al., 2006)Qref jlim ¼ CQincjlim þF; ð32Þ
where C stands for a diﬀusion matrix (an expression of the diﬀusion matrix for diﬀerent waveguides coupled
through an elastic element has been proposed in Mencik and Ichchou (2005)); F stands for the eﬀects of the
excitation sources; Qref and Qinc stand for the amplitudes of the modes reﬂected by – and incident to the
boundary (several waveguides can be considered).
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It is assumed that the dynamic response of the elasto-acoustic waveguide can be determined with suﬃcient
accuracy from a reduced modal basis f eUigi¼1;...;2m such that f eUigi¼1;...;2m  fUigi¼1;...;2n (m 6 n). In this way, the
kinematic variables of a given elasto-acoustic subsystem k can be expanded asu
ðkÞ
L ¼ eU eQðkÞ; uðkÞR ¼ eU eQðkþ1Þ 8k 2 f1; . . . ;Ng: ð33ÞMatrix eU stands for eigenvectors f eUigi¼1;...2m and is deﬁned byeU ¼ eU inc eUref 	; ð34Þ
where eU inc and eUref are (2n · m) matrices; eQ ¼ ðð eQincÞTð eQrefÞTÞT stand for the amplitudes of the modes.
Eqs. (27) and (28) can be expressed in reduced basis f eUigi: in this way, the left pseudo-inverse eUþ of matrixeU, eUþ ¼ ð eUT eUÞ1 eUT; eUþ eU ¼ I2m; ð35Þ
is introduced. If pseudo-inverse eUþ exists (that is, if matrix eUT eU is invertible), Eq. (27) and (28) allow us to
write eQðkÞ ¼ eUþSk1 eU eQð1Þ 8k 2 f1; . . . ;N þ 1g: ð36Þ
Thus, according to eigenvalue problem (20), Eq. (36) leads toeQðkÞ ¼ el 0
0 el1
 k1 eQð1Þ 8k 2 f1; . . . ;N þ 1g; ð37Þwhere el stands for the (m · m) diagonal eigenvalue matrix associated with eigenvectors eU. Finally, the
dynamics of the elasto-acoustic system can be evaluated expressing the boundary conditions at a speciﬁc limit
in the reduced modal basis f eUigieQref jlim ¼ eC eQincjlim þfF; ð38Þ
where eC and fF stand for the diﬀusion matrix and for the eﬀects of the excitation sources expressed in the
reduced basis.
5. Numerical experiments
The theoretical models formulated in Sections 3 and 4 are compared to analytical solutions describing the
dispersion curves and the acoustic response of a ﬂuid-ﬁlled axisymmetric cylindrical elastic duct. The system is
illustrated in Fig. 2. At the left boundary of the waveguide (x = 0), the duct is clamped and the internal ﬂuid is
submitted to an imposed displacement, denoted by Uex; at the right boundary of the waveguide (x = L), the
duct is clamped and the internal ﬂuid is coupled to a mass-spring system, whose mass and complex stiﬀness areFig. 2. Acoustic ﬂuid in an elastic duct, subjected to an imposed displacement and coupled with a mass-spring system.
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jSS1 j ¼ jSS2 j ¼ pððRSÞ2  ðRFÞ2Þ and jSF1 j ¼ jSF2 j ¼ pðRFÞ2 where RS and RF stand for the external and internal
radii of the duct, respectively, deﬁned by RS = 5 · 102 m and RF = RS  h where h stands for the thickness
of the duct, h/RS = 0.05. The material characteristics of the duct (elastic structure) are: density qS = 7800 kg/
m3, Young’s modulus ES = 2 · 1011 Pa, loss factor gS = 102 and Poisson’s ratio mS = 0.3. The characteristics
of the ﬂuid are: density qF = 1000 kg/m3 and free wave speed cF = 1500 m/s.
5.1. Spectral properties of the elasto-acoustic waveguide
In the context of the multi-mode approach (see Section 3), the wave modes of the elasto-acoustic waveguide
are expressed from a ﬁnite element model of a given elasto-acoustic subsystem (see Fig. 3), say subsystem k,
belonging to the global system. The subsystem is meshed with three-dimensional linear elements (Zienkiewicz
and Taylor, 1995). The dof’s of the discretized model are located on the left and right boundaries (that is, there
is no internal dof’s). The number of dof’s of the solid part which are located on the left or right boundary is
nS = 192; The number of dof’s of the ﬂuid part which are located on the left or right boundary is nF = 361;
Consequently, the number of dof’s of subsystem k which are located on the left or right boundary is
n = nS + nF = 553. The length of subsystem k is d = 103 m (cf. Figs. 1 and 3). At frequency x/2p, it is
assumed that length d is small enough to describe with suﬃcient accuracy the wavelengths of the modes prop-
agating into the waveguide.
Wave modes {(li,Ui)}i of the elasto-acoustic waveguide are obtained solving eigenvalue problem (20). Since
the elasto-acoustic system is dissipative, the modes propagating along a speciﬁc direction can be associated to
eigenvalues {li}i=1,. . .,n such that kl1k < kl2k <    < klnk < 1, whereas the modes propagating in the opposite
direction can be associated to eigenvalues {li}i=n+1,. . .,2n such that 1 < kln+1k < kln+2k <    < kl2nk (Bocquil-
let, 2000). The criterion deﬁned from Eq. (24) allows one to respect the classiﬁcation of the wave modes when
the frequency varies (Mencik and Ichchou, 2005).
For each mode i, the wavenumber ki is deﬁned in this wayli ¼ expðikidÞ: ð39Þ
The dispersion curves for the elasto-acoustic waveguide are obtained by plotting a set of functions
{X# ki(X)R
F}i where R
F stands for the internal radius of the duct and X stands for the non-dimensional fre-
quency, X = xRF/cL, which is expressed from the phase speed cL of the compressional waves in an equivalent
Donnell shell, cL = (E
S/qS(1  (mS)2))1/2 (Fuller and Fahy, 1982; Junger and Feit, 1986). The dispersion curvesFig. 3. Finite element model of an elasto-acoustic subsystem.
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modes represent propagating modes or modes which become propagating at speciﬁc cut-on frequencies (these
modes are denoted as cross-section modes (Mencik and Ichchou, 2005)). The dispersion curves (branches 1–8),
obtained from the multi-mode approach (cf. Section 3), are compared to analytical solutions representing:
• The ‘‘ring’’, longitudinal and torsional elastic modes of an equivalent in vacuo Donnell shell of radius RF
(Junger and Feit, 1986).
• The ﬁrst three acoustic modes of the ﬂuid in a rigid walled tube of radius RF, expressed with the Bessel
function of order s = 0 (axisymmetric modes), and the third acoustic mode of the ﬂuid in a rigid walled tube
of radius RF, expressed with the Bessel function of order s = 1.
The behavior of branches 1–8 is analyzed as follows:
At low frequency, branch 1 is close to the analytical solution for the ﬁrst acoustic mode s = 0 (compres-
sional plane wave). As the frequency increases, the branch approaches the analytical solution for the ring elas-
tic mode. The diﬀerences between the two solutions reﬂect the ﬂuid loading which is not taken into account in
the analytical model. Fluid loading becomes negligible at high frequency, as the two solutions are similar. This
behavior has been highlighted by Fuller and Fahy, concerning a ﬂuid-ﬁlled Donnell elastic shell (Fuller and
Fahy, 1982).
At low frequency, branch 2 is close to the analytical solution for the longitudinal elastic mode. As the fre-
quency increases, branch 2 approaches the analytical solution for the ﬁrst acoustic mode s = 0. At high fre-
quency, it appears that the dynamics of the solid are negligible compared to the dynamics of the ﬂuid as
the two solutions are similar. Here again, this behavior is predicted by the model of Fuller and Fahy (1982).
Branch 3 is rigorously similar to the analytical solution for the torsional elastic mode.
Branches 4–8 are associated with cross-section modes, which become propagating at speciﬁc cut-on fre-
quencies, denoted by X4, X5, X6, X7, X8, respectively, and such that X4  1.1, X5  X6  1.4, X7  2 and
X8  2.4.
Below cut-on frequencies X4 and X7, branches 4 and 7 are close to the analytical solutions for the second
and third acoustic modes s = 0, respectively. The diﬀerences between the analytical solutions and the multi-
mode approach reﬂect the wall vibration which is not taken into account in the analytical model. These0.1 1 2 3
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4 is rigorously similar to the analytical solution for the second acoustic mode s = 0; For X > 2.7, branch 4
approaches the analytical solutions for the ﬁrst acoustic mode s = 0. At high frequency, branch 7 approaches
the analytical solutions for the third acoustic mode s = 1 (asymmetric case). It is interesting to note that these
high frequency behaviors are not predicted by the model of Fuller and Fahy (1982).
Branch 6 is associated with a complex mode (for a complex mode, the real part of the wavenumber is of the
same order as the imaginary part) for X < X6 and is associated with a propagating mode for X > X6. For
X < 1, the real and imaginary parts of branch 6 are close to the analytical solution for the ring elastic mode:
the diﬀerences between the two solutions reﬂect the ﬂuid loading which is not taken into account in the ana-
lytical model. As the frequency increases, for X6 < X < 1.8, it seems that branch 6 approaches the analytical
solution for the longitudinal elastic mode. Finally, for X > 2, branch 6 approaches the analytical solution for
the third acoustic mode s = 0. This behavior is similar to the results of Fuller and Fahy (1982).
For X < 0.8, branches 5 and 8 are close to the analytical solutions for the third acoustic mode s = 0 and for
the third acoustic mode s = 1, respectively. In frequency bands [0.8,X5] and [0.8,X8], respectively, branches 5
and 8 follow similar behaviors which are not predicted by the analytical solutions. For X > X5, branch 5 heads
for the analytical solution for the longitudinal elastic mode, and then turns oﬀ. For X > 1.8, the branch
approaches the analytical solution for the second acoustic mode s = 0. For X > X8, branch 8, ﬁrst, is similar
to the analytical solution for the third acoustic mode s = 1 and, second, seems to head for the analytical solu-
tion for the longitudinal elastic mode. As the frequency increases, the branch turns oﬀ and approaches the
analytical solution for the torsional elastic mode. Here again, these behaviors are not predicted by the model
of Fuller and Fahy (1982).
It has been highlighted that the wave modes could be associated, either from strongly contributing solid
motion or strongly contributing ﬂuid motion. It seems interesting to note, in the present approach, that
changes in wave motion physics, for a particular mode, does not necessary occur at speciﬁc coincidence fre-
quencies, where analytical elastic and acoustic wave dispersion curves cross. Note that the phenomena of wave
motion bifurcation, at coincidence frequencies, was observed by Fuller and Fahy (1982) and can be explained
since coupling between elasto-acoustic modes is neglected: indeed, in this particular case, energy ﬂows only
occur between two coupled solid and ﬂuid wave motions of a speciﬁc mode, and appear when the wavelengths
of these motions weakly interfere, that is, around coincidence frequencies.
In the present approach, the phenomena of wave motion bifurcation is rather complicated since elasto-
acoustic modes are coupled through the ﬂuid–structure interaction model. For instance, it can be emphasized
that energy can ﬂow between two or several wave motions of a similar nature, but attached to diﬀerent modes.
This behavior can be highlighted in Fig. 4, considering for instance the bifurcation of branch 4 from the sec-
ond acoustic mode s = 0 to the ﬁrst acoustic mode s = 0, around frequency X > 2.7. The complexity in wave
motion changes can also be discussed considering the ‘‘slowly’’ variating conversion of propagating branch 5,
from the longitudinal elastic mode to the second acoustic mode s = 0.
Finally note that the numerical model proposed in the present approach is not constrained by analytical
assumptions, and allows in particular to describe some surprising behaviors of the wave modes in the mid
and high frequency range. For instance, although analytical acoustic and torsional elastic modes are clearly
not coupled, a bifurcation of propagating branch 8 (Fig. 4) around frequency X > 2.8, from the third acous-
tic mode s = 1 to the torsional elastic mode, occurs. This behavior could be explained considering the eﬀect
of the frequency evolutions of the shapes of the wave mode cross-sections (see Mencik and Ichchou, 2005),
and then considering that the numerical torsional wave mode has change to account for radial elastic
motions.
An evaluation of the group velocities (Cremer et al., 1988; Fung, 1965) can give immediate insight into the
natures of propagating modes (that is, the modes for which the ratio of the imaginary part to the real part of
the wavenumber is of the same order as the structural damping) and can give information regarding the energy
ﬂow mechanisms of the modes (Langley, 1992). For a speciﬁc lightly damped wave mode i, the group velocity,
say cgi, can be numerically deﬁned in this waycgiðxÞ ¼ D
gl
x
Refkiðxþ DglxÞg RefkiðxÞg
: ð40Þ
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J.-M. Mencik, M.N. Ichchou / International Journal of Solids and Structures 44 (2007) 2148–2167 2159where, in practice, frequency step Dglx must be chosen such that Refkiðxþ DglxÞg RefkiðxÞg is large enough
to avoid singular numerical problems associated with the division in the right-hand side term of Eq. (40).2
For instance, group velocities cg1, cg2, cg4 and cg5 – associated to propagating branches 1, 2, 4 and 5 (see
above), respectively – are represented in Fig. 5.
At low frequencies, group velocity cg1 signiﬁcantly diﬀers from the group velocity of the ﬁrst acoustic mode
s = 0 (1500 m/s). This behavior can be related to the diﬀerences between the slope of branch 1 and the slope of
the ﬁrst acoustic mode s = 0. The fact that group velocity cg1 has not constant value below X = 0.8 denotes
energy transmission between the acoustic wave motion and other wave motions of a similar or diﬀerent nature.
For 1.2 < X < 2.6, group velocity cg1 is rigorously associated to the analytical ring elastic wave motion, mean-
ing that the ﬂuid loading eﬀects (see above) does not interfere in the energy propagation process for the elastic
motion. Finally note the ﬂuctuation of group velocity cg1 around X = 2.7 which emphasizes that ﬂuid loading
eﬀects disappear.
Below X = 0.8, group velocity cg2 can be rigorously associated to the analytical ring elastic mode. In this
sense, the ﬂuid loading eﬀects (see above) does not interfere in the energy propagation process for the elastic
motion. Local perturbation of the group velocity below X = 0.8 can be associated to the numerical evaluation
of the right-hand side term of Eq. (40). At high frequency, as was predicted above considering the behavior of
branch 2, group velocity cg2 approaches the group velocity of the ﬁrst acoustic mode s = 0.
The evolution of group velocity cg4 above cut-on frequency X4 denotes complex energy transfers for the
mode. Around X = 2.7, it is interesting to emphasize the association of the local negative evolution of group
velocity cg4 with the local positive evolution of group velocity cg1, denoting energy transfers between the
modes.
Inspection of the evolution of group velocity cg5 is interesting as it denotes two local strong conversions of
the modes, from strongly contributing acoustic wave motion to ring elastic wave motion and vice versa.
Finally note the local perturbation of group velocity cg5, around X = 2.1, which is not predicted through dis-
persion curve analysis and which can denoted local energy transfers, not predicted by analytical theories.
5.2. Forced response of the elasto-acoustic waveguide
The elasto-acoustic waveguide (ﬂuid-ﬁlled cylindrical duct) is illustrated in Fig. 2: the ﬂuid, inside the duct,
is excited at x = 0 by displacement Uex = (Uex 0 0)
T and is coupled at x = L, along axis x, with a coupling2 In practice, Dglx > Dx (see Eq. (24)).
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x = L. The boundary conditions of the elasto-acoustic system are rigorously writtenx ¼ 0 : wS ¼ 0 and wA ¼ Uex; ð41Þ
x ¼ L : wS ¼ 0 and
Z
Sc
pds ¼ ixZUL; ð42Þwhere Sc stands for the coupling surface between the ﬂuid and the coupling element, UL stands for the dis-
placement of the mass along axis x and Z stands for the boundary impedance of the coupling elementixZ ¼ x2M c þ Kcð1þ igcÞ: ð43Þ
Introducing acoustic velocity potential w (see Section 2), Eq. (42) is writtenx ¼ L : wS ¼ 0 and
Z
Sc
wds ¼ ZUL=q0: ð44ÞThe boundary conditions of the discretized elasto-acoustic system can be derived from Eqs. (41) and (44).
For the sake of simplicity, the acoustic forces (see Section 2), deﬁned at boundaries x = 0 and x = L, are
assumed (i) to apply only to the dof’s which do not belong to the solid (that is, which do not belong to inter-
face C) and (ii) to be uniform. Moreover, the velocity potential is assumed to be uniform at boundary x = L.
Within this context, the boundary conditions of the discretized system are writtenx ¼ 0 : U ¼ 0 and 1
ix
FA ¼ ixq0jS
Fj
nFI
1nF1U ex; ð45Þandx ¼ L : U ¼ 0; 1
ix
FA ¼  ixq0jS
Fj
nFI
1nF1UL and W ¼ 
Z
q0jSFj
1nF1UL; ð46Þthat is,x ¼ L : U ¼ 0 and 1
ix
FA ¼ ixq
2
0jSFj2
ZnFI
W; ð47Þwhere nF stands for the number of dof’s located on the left or right boundary of the ﬂuid part of any given
elasto-acoustic subsystem; nFI stands for the number of dof’s located on the left or right boundary of the ﬂuid
part of the elasto-acoustic subsystem and which do not belong to interface C (see above).
In the context of the multi-mode approach, conditions (45) and (47) are expressed from the waves which are
incident to – and reﬂected by the boundaries. In this sense, the kinematic variables are expanded in a reduced
modal basis f eUigi¼1;...;2m (cf. Section 4.2). According to Eqs. (33), Eq. (45) becomesð48ÞMoreover, According to Eqs. (33), Eq. (47) becomesð49Þwhere matrix eU is deﬁned such that eU inc ¼ eUref and eUref ¼ eUinc; vector eQ is deﬁned such that eQ inc ¼ eQref
and eQref ¼ eQinc.
Finally, the boundary conditions can be expressed in the form (38): Eq. (48) then leads toeQref
 ð1Þ ¼ eC eQ inc
 ð1Þ þfF; ð50Þ
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solutioeC ¼  ð eUSqÞref
ð eUAF Þref
" #þ ð eUSqÞinc
ð eUAF Þinc
" #
; ð51ÞandfF ¼ ð eUSqÞref
ð eUAF Þref
" #þ
0
 ixq0jSF j
nF
I
1nF1U ex
 !
: ð52ÞHere, superscript ‘‘+’’ refers to the pseudo-inverse (cf. Eq. (35)). Moreover, Eq. (49) writeseQref
 ðNþ1Þ ¼ eC 0 eQ inc
 ðNþ1Þ; ð53Þ
whereeC0 ¼  ð eUSqÞref
ð eUAF Þref  ixq20jSFj2ZnF
I
ð eUAq Þref
264
375
þ
ð eUSqÞinc
ð eUAF Þinc  ixq20jSFj2ZnF
I
ð eUAq Þinc
264
375: ð54Þ
In the following, the mean acoustic pressure hPi in the ﬂuid cross-section, obtained from the multi-mode
approach:hPi ¼ 
ixq0
P
i
Wi
nF
; ð55Þwhere Wi stands for the ith component of vector W, is compared to the analytical solution for the ﬂuid in the
rigid walled tube (Bruneau, 1983), expressed from the ﬁrst three acoustic modes s = 0 (cf. Section 5.1). The
length of the waveguide is L = 0.3 m; the characteristics of the coupling element (mass-spring system) are mass
Mc = 0.2 kg (the ratio between the mass of the coupling element and the mass of the ﬂuid is approximately
10%), stiﬀness Kc deﬁned from non-dimensional frequency Xc = 2.5 where Xc ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃKc=M cp  RF=cL, loss factor
gc = 102. The imposed displacement at the left boundary is Uex = 10
6 m.
The spatial evolution of the mean acoustic pressure is evaluated at the resonance of the coupling element,
X = Xc. First, the numerical solution is obtained by describing the mean pressure from wave mode 2 only (cf.
Fig. 4), which is close to the analytical solution for the ﬂuid in the rigid walled tube. The results are shown in
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2162 J.-M. Mencik, M.N. Ichchou / International Journal of Solids and Structures 44 (2007) 2148–2167It appears that the imaginary part of the mean pressure is small compared to the real part. According to the
results established in Section 5.1 (propagating branch 2 is close to the analytical solution for the ﬁrst acoustic
mode s = 0), the real part of the analytical solution is perfectly described from mode 2. The imaginary part of
the analytical solution is correctly described from mode 2 around x = 0; the diﬀerences between the imaginary
parts of the two solutions become signiﬁcant far from boundary x = 0 (the mean pressure numerically
obtained from mode 2 decreases along the system).
In fact, the numerical solution evaluated from mode 2 does not rigorously describe the exact pressure inside
the elastic duct, because ﬂuid–structure coupling eﬀects are not taken into account. However, it can be
assumed that the exact pressure can be described with suﬃcient accuracy from the ten ﬁrst elasto-acoustic
modes which are the most solicited by the excitation at x = 0. These modes are associated with the higher
modal acoustic powers (Langley, 1999). Mode 2 previously studied belongs to the set of these modes. The
numerical solution, obtained by describing the mean pressure on the basis of the ten ﬁrst elasto-acoustic
modes, is then compared with the analytical solution (ﬂuid in the rigid walled tube) in Fig. 7.0 0.05 0.1 0.15 0.2 0.25 0.3
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Fig. 7. Spatial evolution of the mean acoustic pressure at frequency X = 2.5: numerical solutions obtained from ten modes (—); analytical
solutions for the ﬂuid in the rigid walled duct (  ).
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Fig. 8. Spatial evolution of the mean acoustic pressure at frequency X = 3: numerical solutions obtained from mode 2 (—); analytical
solutions for the ﬂuid in the rigid walled duct (  ).
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Fig. 9. Spatial evolution of the mean acoustic pressure at frequency X = 3: numerical solutions obtained from ten modes (—); analytical
solutions for the ﬂuid in the rigid walled duct (  ).
J.-M. Mencik, M.N. Ichchou / International Journal of Solids and Structures 44 (2007) 2148–2167 2163The two solutions (real and imaginary parts) greatly diﬀer. In particular, it appears that the numerical solu-
tion obtained with ten modes, which is assumed to describe the exact mean pressure inside the duct, greatly
vary along the system. The choice of the multi-mode approach is then justiﬁed compared to a classic analytical
solution which appears to be limited as the frequency increases.
The spatial evolution of the ﬂuid mean pressure can be evaluated at non-dimensional frequency X = 3.
First, the numerical solution is obtained by describing the mean pressure from wave mode 2 only (cf. Fig. 8).
Signiﬁcant diﬀerences occur between the analytical solution (ﬂuid in the rigid walled duct) and the multi-
mode approach (mode 2): these diﬀerences can be explained considering that the plane wave description does
not hold at high frequency (Mencik and Ichchou, 2005) and that mode 2 slightly diﬀers from the ﬁrst acoustic
mode obtained analytically (see Fig. 4).
As before, we assumed that the exact mean pressure can be described from the ten ﬁrst elasto-acoustic
modes which are the most solicited by the excitation at x = 0. Mode 2 previously studied belongs to the set
of these modes. The exact mean pressure, numerically described with the ten ﬁrst modes, is then compared
to the analytical solution for the ﬂuid in the rigid walled tube (Fig. 9).
Here again, the two solutions (real and imaginary parts) greatly diﬀer. This means that the analytical solu-
tion is not adequate to describe the vibroacoustic response of the system.
6. Conclusion
In this contribution, the wave motion of homogeneous or periodic slender elasto-acoustic systems was stud-
ied. The main objective was to extract guided elasto-acoustic wave properties through ﬁnite elements. A
numerical procedure was given in order to extract propagation parameters of any thin walled system. Disper-
sion curves of complex guided systems were shown over a wide frequency range, as well as their forced fre-
quency response. The procedure was also implemented under a ﬁnite element code leading to an eﬀective
tool for analyzing free waves in realistic situations. The numerical experiments proposed here validate given
results, comparing them when possible with analytical computation of similar properties. Many comments
and conclusions can be drawn from the developments presented in this contribution. It has been clearly shown
that analytical theories are of limited value, particularly at high frequencies. Indeed, 3D behavior is required in
such frequency ranges and the results of some analytical theories have proved to be limited due to the assump-
tions employed. The application to a ﬂuid-ﬁlled pipe shows the propagating complexity of the dynamics when
frequency increases. The formulation oﬀered provides a relevant description of the dynamical behavior. The
propagating modes when used as a set of input data allows forced frequency response to be eﬃciently
computed. The ﬂuid-ﬁlled pipe system given in this paper is merely one illustration of the general procedure
2164 J.-M. Mencik, M.N. Ichchou / International Journal of Solids and Structures 44 (2007) 2148–2167developed for complex waveguides. Further applications demonstrating the interest of the presented approach
will be reported.
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Appendix. Formulation of dynamic stiﬀness operator K
The kinematic variables of subsystem k are described in this way (for the sake of clarity, superscript (k) is
omitted):U ¼
UL
UI
UR
0B@
1CA; W ¼ WLWI
WR
0B@
1CA; FS ¼ F
S
L
0
FSR
0BB@
1CCA; FA ¼
FAL
0
FAR
0BB@
1CCA; ð56Þwhere subscripts L, I and R refer to the dof’s located on the left boundary, to the internal dof’s and to the dof’s
located on the right boundary, respectively. Here, it is assumed that the internal dof’s are not submitted to
external forces.
The dynamic equilibrium of the discretized subsystem (cf. Eq. (9)) allows us to writeKSUþ ixq0CW ¼ FS; ð57Þ
andq0KAWþ ixq0CTU ¼
1
ix
FA; ð58Þwhere KS and KA stand for the dynamic stiﬀness operators of the solid and ﬂuid parts of subsystem k,
respectivelyKS ¼ x2MS þ KS and KA ¼ x2MA þ KA: ð59Þ
Expressing Eqs. (57) and (58) from the dof’s located on the left and right boundaries and from the internal
dof’s results inKSLL K
S
LI K
S
LR
KSIL K
S
II K
S
IR
KSRL K
S
RI K
S
RR
2664
3775
UL
UI
UR
0B@
1CAþ ixq0
CLL CLI CLR
CIL CII CIR
CRL CRI CRR
264
375 WLWI
WR
0B@
1CA ¼ F
S
L
0
FSR
0BB@
1CCA; ð60Þandq0
KALL K
A
LI K
A
LR
KAIL K
A
II K
A
IR
KARL K
A
RI K
A
RR
2664
3775
WL
WI
WR
0B@
1CAþ ixq0 ðCLLÞ
T ðCILÞT ðCRLÞT
ðCLIÞT ðCIIÞT ðCRIÞT
ðCLRÞT ðCIRÞT ðCRRÞT
2664
3775
UL
UI
UR
0B@
1CA ¼
1
ixF
A
L
0
1
ixF
A
R
0BB@
1CCA: ð61ÞThe second equation in (60) and the second equation in (61) leads toKSILUL þKSIIUI þKSIRUR þ ixq0ðCILWL þ CIIWI þ CIRWRÞ ¼ 0; ð62Þ
KAILWL KAIIWI KAIRWR þ ixððCLIÞTUL þ ðCIIÞTUI þ ðCRIÞTURÞ ¼ 0: ð63ÞEq. (62) allows us to writeUI ¼ ðKSIIÞ1ðKSILUL þKSIRUR þ ixq0CILWL þ ixq0CIIWI þ ixq0CIRWRÞ; ð64Þ
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: ð65ÞIntroducing (65) in (62) results in½KSIL  x2q0CIIðKAIIÞ1ðCLIÞTUL þ ½KSII  x2q0CIIðKAIIÞ1ðCIIÞTUI
þ ½KSIR  x2q0CIIðKAIIÞ1ðCRIÞTUR þ ixq0½CIL  CIIðKAIIÞ1KAILWL
þ ixq0½CIR  CIIðKAIIÞ1KAIRWR ¼ 0; ð66Þwhich providesUI ¼ ½KSII  x2q0CIIðKAIIÞ1ðCIIÞT1  f½KSIL  x2q0CIIðKAIIÞ1ðCLIÞTUL
þ ½KSIR  x2q0CIIðKAIIÞ1ðCRIÞTUR þ ixq0½CIL  CIIðKAIIÞ1KAILWL
þ ixq0½CIR  CIIðKAIIÞ1KAIRWRg; ð67Þwhile, introducing (64) in (63) results in½KAIL þ x2q0ðCIIÞTðKSIIÞ1CILWL þ ½KAII þ x2q0ðCIIÞTðKSIIÞ1CIIWI
þ ½KAIR þ x2q0ðCIIÞTðKSIIÞ1CIRWR þ ix½ðCLIÞT  ðCIIÞTðKSIIÞ1KSILUL
þ ix½ðCLIÞT  ðCIIÞTðKSIIÞ1KSIRUR ¼ 0; ð68Þwhich providesWI ¼ ½KAII þ x2q0ðCIIÞTðKSIIÞ1CII1  f½KAIL þ x2q0ðCIIÞTðKSIIÞ1CILWL þ ½KAIR
þ x2q0ðCIIÞTðKSIIÞ1CIRWR þ ix½ðCLIÞT  ðCIIÞTðKSIIÞ1KSILUL
þ ix ðCLIÞT  ðCIIÞTðKSIIÞ1KSIR
h i
URg: ð69ÞTo summarize, kinematic variables UI and WI evaluated on the internal dof’s of subsystem k can be
expressed from the kinematic variables evaluated on the left and right boundariesUI ¼ TU
UL
WL
UR
WR
0BBB@
1CCCA; WI ¼ TW
UL
WL
UR
WR
0BBB@
1CCCA; ð70Þwhere TU ¼ ½TU1 TU2 TU3 TU4 ,
TU1 ¼ ½KSII  x2q0CIIðKAIIÞ1ðCIIÞT1½KSIL  x2q0CIIðKAIIÞ1ðCLIÞT
TU2 ¼ ixq0½KSII  x2q0CIIðKAIIÞ1ðCIIÞT1½CIL  CIIðKAIIÞ1KAIL
TU3 ¼ ½KSII  x2q0CIIðKAIIÞ1ðCIIÞT1½KSIR  x2q0CIIðKAIIÞ1ðCRIÞT
TU4 ¼ ixq0½KSII  x2q0CIIðKAIIÞ1ðCIIÞT1½CIR  CIIðKAIIÞ1KAIR
ð71Þand TW ¼ ½TW1 TW2 TW3 TW4 ,
TW1 ¼ ix½KAII þ x2q0ðCIIÞTðKSIIÞ1CII1½ðCLIÞT  ðCIIÞTðKSIIÞ1KSIL
TW2 ¼ ½KAII þ x2q0ðCIIÞTðKSIIÞ1CII1½KAIL þ x2q0ðCIIÞTðKSIIÞ1CIL
TW3 ¼ ix½KAII þ x2q0ðCIIÞTðKSIIÞ1CII1½ðCLIÞT  ðCIIÞTðKSIIÞ1KSIR
TW4 ¼ ½KAII þ x2q0ðCIIÞTðKSIIÞ1CII1½KAIR þ x2q0ðCIIÞTðKSIIÞ1CIR:
ð72Þ
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W
 
¼
UL
UI
UR
WL
WI
WR
0BBBBBBBB@
1CCCCCCCCA
¼ R
UL
WL
UR
WR
0BBB@
1CCCA ¼ R qLqR
 
; ð73ÞwhereR ¼
I 0 0 0
TU1 T
U
2 T
U
3 T
U
4
0 0 I 0
0 I 0 0
TW1 T
W
2 T
W
3 T
W
4
0 0 0 I
2666666664
3777777775
; ð74ÞandqL ¼
UL
WL
 
; qR ¼
UR
WR
 
: ð75ÞAccording to Eq. (9), the dynamics of the subsystem writesKq ¼ F; ð76Þ
where K stands for a symmetric matrix. Expressing variables q from the boundary variables qL and qR (cf. Eq.
(73)) and multiplying Eq. (76) by RT results inK
qL
qR
 
¼ FL
FR
 
; ð77Þwhere K represents a symmetric matrixK ¼ RTKR; ð78Þ
andFL ¼
FSL
1
ixF
A
L
 !
; FR ¼
FSR
1
ixF
A
R
 !
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